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Hiot = Ha @ Hac
pa = Tracpior

Sa = —trpalogpa

Entanglement structure contains geometric data!

Ryu & Takayanagi 2006



What is the CFT dual to linear growth of wormhole?

|TFD> = Z 6’._‘3Ei /2 |E2>L |E,> R

Brown, String 2017
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Complexity

* Minimum number of gates required to prepare the desired
target state! ( one needs to find the optimal circuit)
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Myers, String 2017
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Holographic dictionary for complexity: Complexity=Volume

* Evaluate proper volume of extremal codimension-one surface
connecting Cauchy surfaces in boundary theory.

Complexity = Volume Complexity = Action
i ot
(S - t;— «ip
f \\. /—-—_—-\.,

Myers, String 2017
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Holographic dictionary for complexity: Complexity=Action

e Evaluate gravitational action for Wheeler-DeWitt patch= domain of
dependence of bulk time slice connecting boundary Cauchy slices in CFT.

Action
Th

Complexity =
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Entanglement of Purification (EoP)

EP(A : B) = minPAB:T"“A’B’w}(wS('OAA’)

4/26/19

I(A: B)=S(pa) +S(pB) — S(pas)

%I(A : B) < Ep(A: B) <min{S(pa), S(ps)}
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Entanglement of purification (EoP) for two subregions

A={l+D/2>x>D/2,—0c0 < x; < 00,0 =2,3,....d— 1}
B={-l-D/2<x1<—-D/2,—c0 < x; <00, =2,3,....,d — 1}

r‘hth
Al
\
Sa = Sp = 5() Sap = S22+ D)+ S(D)

I(D,1) = Su + Sp — Sag = 25(1) — S(D) — S(20 + D)
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Background metric: BTZ Black hole
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The relationship between turning The relationship between entanglement entropy,

point and width of the strip width of strip and turning point
z
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EoP in BTZ Black hole

ds* = kS —f(2)dt* + 427 + di f(z):=1—2%/2¢
22 f(Z) d—11> . h
Cmin [AD A4®) -
EW — —Inmin [A : A ] The computation of Ey for BTZ geometry.
Takayanagi-Umemoto 2017
sinh ”—) (1) .
A(l) _ lOg ﬁ A(Q) _ log 6 (5 Yap 1> Blog(vV2+ 1)/m
me me Sip 1< Blog(v2+1)/m

Sap = S22l + D)+ S(D) ](D,l) =S4+ S — Sap = QS(Z) — S(D) — S(Ql —I—D)

The connection between EoP and CoP,USTC Junior Cosmology

4/26/19 .
Symposium

11



Non-vanishing region of EoP

08}

I(D,l) = SAs+ S — Sap = QS(Z) — S(D) — S(2l—|—D)

9
sinh £ — sinh & sinh 20+ D
2 2 2

D.(2 [
cosh c(2 L = \/1 +2V2 coshlcosh% + 2 coshl |:COSh3§ - \/i(coshl)?’m]
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The relationship between critical D and dimension d

1/D(d,o0) D.(d,)
5- I
;
-
2 4 e s w0 w2 7
D.(d,00)~" ~ 0.62 + 0.35d. D.(d, 00) ~ 0.888 — 0.284 log(d)
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Minimal Wedge cross section and EoP

E(l,D) =
Vg )=
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EoP

The relationship between EoP and
Temperature in various dimensions
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The plot of EoP in three dimensions for different [ and D for d = 4
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EoP

The connection between EoP and the distance between strips
D and their length | for d=2 Schwarzchild AdS black brane
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Monogamy of Mutual Information (MMI)

I3(A: BC) Isalways negative!

S(AB)+ S(BC)+ S(AC) > S(A)+ S(B) + S(C) + S(ABC)

Properties of CoP?!

We choose this! Superadditivity CV(A) -+ CV(B) < CV(O'),

Supadditivity CA(A) +C*(B) > C*(o)



Entropy Vector

S ={S(A),S(B),S(C),S(AB),S(AC), S(BC), S(ABC)},

Q(S) = qaS(A) + ¢zS(B) + ¢cS(C)+
qABS(AB) —+ QACS(AC) —+ chs(BC) -+ QA30S(ABC),

Complexity Vector

—

C={C(A),C(B),C(C),C(AB),C(AC),C(BC),C(ABC)}

Q(C) = qaC(A) + qsC(B) + gcC(C)+
qABC(AB) + C]Acc(AC) -+ qBCC(BC) -+ C]AB(jC(ABC),
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Complexity of purification (CoP) for two subregions

Conditional complexity? C(A‘B) — C(A) —+ C(B) — C(A U B)
C(A|B)=2C(1)+C(D)—-C20+ D)
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Complexity of purification (CoP) for two subregions

CoP ~ %(C(Zl 1 D) —20(1) — C(D)) = —%C(A\B).

Vb 1 (VABCD — Vy — VB)
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The relationship between the Volume and the length of one strip
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The equation for CoP

Vp = 2L“<

/Z2Z+D dZ /Z2l+D dZ
o AV a2 -
dZ
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The relationship between complexity of purification and D, [ for d = 3
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CoP for non-symmetrical systems

arXiv:1902.02243 P. Liu, Y. Ling, C. Niu, and J.-P. Wu
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The new measure: The Interval Volume (VI)

_1(/’"21“9 dz B “D dz 5 o dz )
2\ Je 2N f(z) S 20 F(Z) e 24/ f(2)

) = 2 dz A1 — 24+ 2(d — 2)o F) (% % i,zd)
@)= = e
1
VI = 5 (G(ZQH_D) — G(ZD)) — G(Zl) -+ G(G)
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Positivity: Cy >0,
Monotonicity: CcY 15A > Cy,

Weak Superadditivity: ~— C4 + Chy < 2C% 54
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Purification of BTZ black hole solution in massive gravity theory

1 2
ds* = ?[—f(z)dt2 + ) +dz?] with f(2) =1— 2° +m’cci2
I =— Tom d*z/—g | R+ 2+ m? Zc, (g,h
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Again, finding the relationship between turning
point, width of the strip and entropy gives:

4/26/19

15+

m=0
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EoP in massive BTZ
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m=0

[=0.8
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EoP as function of m with fixed D = 0.1 and [ = 0.8
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CoP in massive BTZ

D=0.1,L=0.8

2204 D dz #21+D dz :
COP — / 9 ) 5 / B
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Purification of charged BTZ black hole
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The relationship between S(w) and w for charged BTZ black hole.

The connection between EoP and CoP,USTC Junior Cosmology
Symposium

4/27/19 36



4/26/19

/Z2l+D dZ
ZD z\/l — 22 4 2¢* 72 lné
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Purification of multipartite systems

OMapc =AUBUCUXTEL,

-
=

1
CoPap((n+ 1)+ nD) =2nm — 5
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Operational and bit thread interpretations

The LO (Local Operations) is P — Z(Az & Bj)-ﬁ-(A;r X BJ)

1,J

where ZAIA =L ZB;BJ' =1
g J
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Operational and bit thread interpretations

P T| | \! j" A
Nkt S N
_--""': .-'II .II I, Il"'-._ ,*-."-.-"_'_F. ; — —
m ek S(A) = max / v > / U.
5 & ___.-"'l . HH‘M v A A
e o ;:r r .I".l_.-'l "H-____ .
7 Max-Flow, Min-Cut
o’
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Operational and bit thread interpretations

ml
Zpi=
- r ZAB{E}
f“’ ZABU:I EAE“}
. | |
.l'l / I|..""r 1.' '.II h |
A B B A B
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Thank You!
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